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Abstract— Ellipsoidal Toolbox is the first free MATLAB pack- ~ CheckMate [16] is a Matlab toolbox to evaluate speci-
age that implements the operations of ellipsoidal calculus fications for trajectories of an autonomous (uncontrolled)
geometric (Minkowski) sums and differences of ellipsoids, gygtem starting from the set of initial (continuous) states

intersections of ellipsoids, and ellipsoids with hyperlars and . .
polyhedra. The toolbox uses ellipsoidal methods to compute corresponding to the parameter values at the vertices of the

forward and backward reach sets of continuous- and discrete Parameter set. The method of oriented rectangluar polgtope
time piecewise affine systems. Forward and backward reach for external approximation of reach sets is introduced 5.[1
sets can be also computed for continuous-time piece-wisediar

systems with disturbances. The level set method [13], [14] deals with general nonlinear
controlled systems and gives exact representation of their
reach sets, but requires solving the HIB equation, which
makes it impractical for systems of dimension higher than
three.
Computation of reach sets of controlled linear systems with
convex bounds on control and initial conditions boils dowrRequiem [22] is a Mathematica notebook which, given a
to performing set-valued operations — unions, intersastio linear system, the set of initial conditions and control ids;
geometric sums and differences — of convex sets. Two bastgmbolically computes the exact reach set, using the experi
objects are used as convex approximations: various kin#ental quantifier elimination package. Quantifier elimioat
of polytopes (general polytopes, zonotopes, parallekxpp is the removal of all quantifiers (the universal quantifier
rectangular polytopes), and ellipsoids. and the existential quantifiet) from a quantified system.
Each quantified formula is substituted with quantifier-free
The Multi Parametric Toolbox (MPT) for Matlab implementsexpression with operations, x, = and <. It is proved in
reachability analysis for general polytopes [8], [9]. MPTI21] that if A is constant and nilpotent or is diagonalizable
computes the reach set at every time step as the geometfiéh rational real or purely imaginary eigenvalues, thergua
sum of two polytopes. The procedure consists in finding thiéfier elimination package returns a quantifier free formula
vertices of the resulting polytope and calculating themax describing the reachable set.

hull. Polytopes can give arbitrarily close approximations _ ) )
to any convex set, but the number of vertices can grO\ﬁlllpsmdal Toolbox(ET) implements in MATLAB the ellip-

prohibitively large and the computation of a polytope by itsSoidal calculus [3] and its application to the reachabaityal-

convex hull becomes intractable for large number of vestice/SiS of continuous-time [4], discrete-time [6] affine syt
in high dimensions. and closed-loop control of linear systems with disturbance

[5]. ET offers these benefits: the complexity of the reach
For a given polytope of initial conditionsi/d¢ computes set representation grows quadrlatically with the dimensfon
the evolution in time of this polytope’s extreme points [18] the state space and Imearly with thg number of time steps;
and approximates the resulting set by unions of rectanguiife 'éach set can be approximated with any accuracy through
polytopes [17]. Rectangular polytopes are easy to repneseﬂXtemal and internal ellipsoids; analytlcgl expressionshe
but a large number of rectangles must be used to assure fipntrol that steers the system to a desired target state.

approximations are accurate enough.

. INTRODUCTION

ET can be downloaded from [1]. Some routines of the

Usi ; ¢ ‘ | imai ¢ h toolbox solve optimization problems. YALMIP [10], [11]
sing zonotopes Tor external approximation of Teach S€ig sy a5 an interface to external optimization package

[19], [20] brings the benefit of a more compact representati eDuMi [12]. Both, YALMIP and SeDuMi are included in
than general polytopes. But the benefit appears to dimini(%e ET distriBution 'so the user does not need to download
greatly if one needs to plot the reach set, compute iﬁem separately '

intersection with with a given object, because the zonotope '

must first be converted to a polytope on which the required
operations are performed. Il. ELLIPSOIDAL CALCULUS
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here(-,-) denotes inner product. called abad direction Given two ellipsoidst(¢;, Q1) and

E(q2,Q2) with £(0,Q2) C £(0,Q1), [ is a bad direction if
The ellipsoid€(q, Q) with centerq € R™ and shape matrix (1, Q11)1/2
QeR™", Q=Q" >0, is the set with W

p(l | €(q,Q)) = (L,q) + (1,QD)'/?, VI e R™. where ) is the minimal root of polynomiallet(Q1 — AQ3).

>> EA = minkdiff _ea(El, E2, L);

>> |A = minkdiff  .a(El, E2, L);

AE(q,Q) +b=E(Aqg+b, AQAT), Ac R™*", pe R™  Array EAcontains one external and arréy contains one
internal ellipsoid, because in this example only one of the

If b = 0 and the rows of matrix4 are orthonormal, the three directions specified by matrixis not bad.

transformation projects the ellipsoid onto the subspaceseh

basis is specified by the rows df. The hyperplané? (v, ¢) with normalv € R™ and scalag is

H(v,c) ={x € R" | (v,x) = c}.

>\,

The affine transformation of an ellipsoid is an ellipsoid:

ET defines classllipsoid with fields specifying the cen-
ter and the shape matrix. Objects of tyglipsoid canbe ET defines clasdyperplane  with fields specifying the
concatenated into two-dimensional arrays. Most operatiomormal and the scalar. As with ellipsoids, hyperplanes can

with ellipsoids implemented as methods of #lkpsoid be concatenated into two-dimensional array, and all the
class work with ellipsoidal arrays as well as single objectsfunctions that accephyperplane object as parameter
>> E1 = ellipsoid([1; 7], [5 0; 0 36)]); work with hyperplane array as well as a single hyperplane.
>> E2 = ell _unitball(2); >> H = hyperplane([1; 1], 3);

>> EE = [E1 E2 (3 *E1 - [4; 1]))]; % array >> HH = [H hyperplane([0; 1])]; % array

HyperplaneH (v, c) defines two closed halfspaces

The geometric (Minkowski) sum of ellipsoids is S = {z | (v,2) <c} andSs = {z | (v,2) > c}.

k
e . A To avoid confusionET assumes thaH (v, ¢) definess;. In
E(qr, Q)@ ©E(ar, Qx) = {z = Z vi | yi € E(qi, Qi)} order to refer taS,, the same hyperplane should be specified

asH(—v,—c).
which is not in general an ellipsoid, but can be approximated

by families of external and internal ellipsoids parameftiz The distance between ellipsafti, Q) and pointa € R is

by vectorl € R™:
diSt(g(Qa Q)v CL) = max (<lv a> - <la q> - <lv Ql>1/2) .

=1

U& =€@.Q) @ o Ear. Q) = ﬂs+ (Lh=1

! The distance between ellipsoid$q:, Q1) and&(qa, Q2) is
A; the number of_dire.ctionls increases, the more accurate dist(E(q1, Q1), E(ga, Qs)) =
will be the approximation. 12 12
>>L=[10 12 01]; % 3 values of | <§T}§‘§1(<l’q1>_<l’Qll> — (haz) = (1, Q2d) )
>> EA = minksum_ea(EE, L); ) o
>> 1A = minksum _Ja(EE, L); The dlstance between ellipsoifi(¢,Q) and hyperplane
EAis an array of three ellipsoids that externally apprommat@@ c) is
the geometric sum of ellipsoids EE, and array)A contains ) le — (v, q)] — (v, Qu)1/?
three internal approximating ellipsoids. dist(E(q, Q), H(v,¢c)) = (0, 0712

The distance is negative if the point is inside the ellipsoid
or the two ellipsoids and the ellipsoid and hyperplane have
E(qr, Q1)~E(q2,Q2) = {z | z+ E(q2,Q2) € E(q1,Q1)}. @ non-empty intersection.

>> DP = distance(EE, [0; 0]);
This set is nonempty if€(0,Q2) C £(0,Q4). Itis notin >> DE distance(E1, EE);
general an ellipsoid but, as in the case of geometric sums DH distance(E1, HH);

it can be approximated by parametrized families of extern@rray DP consists of three elements — distances from each

The geometric (Minkowski) difference of two ellipsoids is

and internal ellipsoids: of the ellipsoids inEE to the origin. Array DE contains
n distances from ellipsoicEl to each of the ellipsoids in
Ugl = E(q1,Q1)=E(a2,Q2) = ﬂg EE, and DH contains distances fronEl to each of the

hyperplanes irHH
Unlike geometric sum, however, ellipsoidal approximasion
for the geometric difference do not exist for every direatio If it is non-empty, the intersection of ellipsoid and hyplerne
I. A vector for which the approximation does not exist, igs an ellipsoid.



>> | = hpintersection(EE, H); wherety < 7 <'t, such thate(tg) = ¢ andz(t) = .
Array | contains threellipsoid objects, two of which
are empty, because only one ellipsoidB# intersects with Observe that when disturbances are present, the reach set is
hyperplaneH. obtained through closed-loop control. The closed-loophea

set can be empty. This happens for example, if the set of
The intersection of two ellipsoids, or an ellipsoid and &+hal initial conditions is reduced to a single statg and control
space, is not generally an ellipsoid, but can be approxithate:(t) is fixed, but the disturbance bourq(t),Q(t)) is
by minimum volume external and maximum volume internahondegenerate ellipsoid for all A sufficient condition for

ellipsoids. reach setX'(¢, to, £(xo, Xo) to be non-empty is

>> |E = intersection _ea(EE(1), EE(3)); T c T
>> || = intersection da(EE(1), EE(3)); £(0,G(NRMG (7)) < £(0, B(n)P(r)B (7))
>> HE = intersection _ea(E1, H); forto <1 <t.

>> HI = intersection da(El, H);

IE is the minimum volume ellipsoid containing the intersecin the absence of disturbance (whens fixed), reach set
tion of the first and the third ellipsoids in arr&FE, Il isthe X(t,t0,E(x0, Xo)) is the set of all states to which the
maximum volume ellipsoid that lies inside this interseatio system can be steered at tithéhrough all possible controls
Similarly, ellipsoidsHE and HI are external and internal starting at any:® € £(z¢, Xo) at timet,. In this case, open-
approximations of the intersection of ellipsditl with the loop and close-loop control are the same, and the reach set

halfspace defined by the hyperplafde is always non-empty.
X (t,to, E(xo, X)) is compact convex set. If non-empty, it
ll. REACHABILITY can be approximated by the parametrized families of externa
and internal ellipsoidst (z.(t), X;" (t)) and& (z.(t), X, (t))
Consider the dynamical system respectively:
i(t) = A®)a(t) + Bt)ult, z(t) + G(t)o(t), (1) X(t, to, €(wo, Xo)) =
- _ +
whereinz € R"™ is the statex € R™ is the control and Lng(xc(t)’Xl (t)) = Og(xc(t)’Xl (1)),

v € R? is the disturbance. Matriced(t), B(t) and G(t)

are continuous and take their valuesRf*", R"*m and Wherez.(t) satisfies (1) withu(t, z) = p(t) andv(t) = q(t),
R"*? respectively. Controk(t, z(t)) and disturbance(t) and shape matriceX;"(t) and X, (t) are the solutions of
are measurable functions restricted by ellipsoidal botieda differential equations that depend on paraméterR" (see
E(p(t), P(t)) and E(q(t), Q(t)). If matrix Q(t) = 0, then [4], [5]).

the system (1) becomes ordinary affine system with known . ]
v(t) = q(t). If matrix G(t) = 0, then (1) reduces to linear ET implements classeach that describes the evolution

system. in time of the reach set in terms of external and internal
ellipsoidal arrays.

ET defines clasfinsys  describing the dynamical system.>> % define initial set - ellipsoid X0,

>> 9% define matrices A, B, G, >> % initia_l time _tO a_nd time t,

>> 9% control bounds U, >> % matrix of directions L

>> % disturbance bounds V >> RS = reach(sys, X0, L, [tO t]); _
>> sys = linsys(A, B, U, G, V); At this point, variableRS contains the reach set approxima-

The same constructor is called with an additional parametBpns for the systensys and the set of initial conditionx0

to createlinsys  object describing discrete-time system &volving in time fromt0 tot , computed for given directions
MatricesA, B, Gcan be of typalouble if they are constant, L. By default, both, external and internal, approximatiores a
or symbolic if they depend on time. Similarly, bouridend ~ c0mputed.

V can be of typeellipsoid if they are constant, or be
structures with the same fields as thoseltpsoid class
but symbolic if they depend on time.

The reach set approximation data can be extracted in the
form of arrays of external and internal ellipsoids:
>> EA = get ea(RS); % external

Given initial time ¢t; and the set of initial conditions >; [IA, té] = fgetl _ig(Rﬁ); T{" int_zrr;al q
E(x0, Xo), the reach setX(t, to, & (w0, Xo)) of system (1) The number of columns in the ellipsoidal arreéigd andIA

at timet > ty is the set of all states for each of which i_s defined b_y a cor)figu_rable parame_ter. Itis the ngmb_er of
there exist initial conditions® € &(zo, Xo) and control time values in ourt|me_|nterval at which the approxmatlo_ns
u(r, (7)) that for every disturbance(r) € &(q(r), Q(r)) are evaluated. These time values are returned in the optiona
assigns trajectory(r) satisfying output parameter, array , whose length equals the number
of columns inEA and IA. The intersection of ellipsoids
&(r) € A(m)z(1) + B(1)u(r, z(7)) + G(7)v(7), in a particular column ofEA gives an external ellipsoidal



approximation of the reach set at the corresponding time. Tlit is possible that the dynamics and inputs of the system
union of ellipsoids in the same column X is an internal change at a certain time, and from that point on, the system
ellipsoidal approximation of this set at this time. Each miw evolves according to a new set of differential equationg Th
EAandlA corresponds to the column of mattixspecifying same functionevolve is used in case of such switched
the value of parametdr systems.
>> 9% define new linsys object: sys2
In general, taking more different values of directiogives a >> RS2 = evolve(RS, T, sys2);
better reach set approximation. The computation compglexitt is expected thalinsys  objectsys2 has the same state-
grows linearly with number of directions. There is no uni-space dimension &ys . Thus functiorevolve implements
versal rule for the choice df For two- or three-dimensional the semigroup property.
systems, one may take vectors uniformly distributed on the
unit sphere. For rough approximation, any single randofemark. Refinement of the reach set approximation through
vector inR"™ works. refine  function cannot treateach objects that result
from cut or evolve operations.
If the reach set data in the variabRS are not sufficiently
accurate, they can be refined by computing additional afsiven terminating timet; and target setS(y:,Y1), the

proximations for some extra directions. backward reach se}(t1,t,E(y1,Y1)) of system (1) at time
>> 9 define additional directions L2 t < tp is the set of all stateg for each of which there
>> RS = refine(RS, L2); exist terminating statg' € £(y1, Y1) and controku(r, y(7))
>> |A = get _ia(RS); that for every disturbance(r) € £(q(7),Q(r)) assigns
Now the number of rows in arrald has increased by the trajectoryy(r) satisfying

number of columns in the matrikx2. (1) € A()y(r) + B(r)ul(r, y(r)) + G(r)o(r),

Refinement may be useful, for instance, when one canneheret < < ¢, y(t) =y andy(t1) = y*.

determine if the actual reach set intersects a given object

(ellipsoid, hyperplane or polytope), because its extern&lke the forward reach set, the backward reach set is convex
approximation does intersect this object but the intern&nd compact, and, when non-empty, can be over- and under-

approximation does not. a_ppro.ximated by the ellipsoidal families parametrized by
>> e = intersect(RS, H, 'e’); direction! € R"™.
>> | = intersect(RS, H, '1");

Variablee equalsl if the reach set external approximation/n ET, backward reach sets are computed by the same
intersects with hyperplani, otherwise it equal$. Variable ~constructoreach as forward reach sets. Only now, in place
i has a similar meaning for the internal approximation. of the initial set there goes the target set, and the timeJate
is inverted, with terminating time first.
We may be interested in the reach set data for some smalfet % define target set - ellipsoid Y
time interval than the one for whicRS was computed, or >> BRS = reach(sys, Y, L, [T t]);

in a snapshot of the reach set at given time. Variable BRSrefers to the reach set data computed for the

>> % define t1, t2: t0 <= t1 <= t2 <=t target sety backward in time fronir to t .

>> CT = cut(RS, [t1 t2]); ]

>> SS = cut(RS, t); The semigroup property holds for the backward reach set:

Both variablesCT andSS, are of typereach . CT contains Yt t, Er, Y1) = V(1. t, V(t1, 7, E(y1, Y1)))

reach set data for the time interval frath to t2 , andSS

gives the snapshot of the reach set at time fort <7 <t.

The reach set satisfies tsemigroupproperty: Functionevolve works for backward reach sets.
>> BRS2 = evolve(BRS, t0); % t0 < t

X(t, to, E(wo, Xo)) = X(t, 7, X(7, 0, E(z0, X0))) Here, the new terminating time is and the new target set

(the backward reach set at tintg are both obtained from

fortg <7 <t.
BRS

Variable RS contains reach set data up to time It is All methods of clasgeach , including functionsevolve
possible to continue the reach set computation for the new ’ g !

time horizon, using as new initial time and the reach set?;twa?gi;zf'Bgck\’/v;\rlgrl:eaegﬁzgsw'th objects describing
at timet as the new set of initial conditions. '

>> T =t + 10; % new terminating time

>> RS2 = evolve(RS, T);

Variable RS2 refers to thereach object with reachability
data for the time interval from to T. x[k + 1] = Alk|z[k] + B[k]ulk] + G[k]v[k].

The functionality of methods itinsys  andreach classes
extends to discrete-time affine systems:



In discrete-time case, however, reachability for systentis w Consider a hybrid system with two discreteodes 1 and 2.
disturbances is not implemented yet, and while contegdg I modelthe continuous dynamics are described by

are bounded by (p[k], P[k]), valuesv[k] are expected to [ .. 098 0 0 0 1T =
be known and fixed. Reach set calculation for discrete-timg¢ z, ot 1] = 002 099 0 0 T2 k]
systems is implemented following [6]. T3 - 0 001 099 0 T3
T4 0 0 001 098 | | 2
Remark. While ET computes forward reach sets for systems 002 0 0 [ wm
with any matricesA[k], backward reach sets can be com- + 8 8 081 uz | [k],
puted only for systems with nonsingulafk]. This warning us
can be ignored if the discrete system is obtained by samplingnd in mode2by
of the continuous one. - 0.99 0.003 0 0 -
T2 B 0 099 0002 0 T2
e [FHU=1 "0 "0 099 0002 || 25 | ¥
IV. VISUALIZATION o 0 0 0 099 o
0
ET implements several plotting routines to display ellip- + 8 8 0‘%03 Z; k] + 0
soids, their geometric sums and differences, cointinuang- 0 —0.003 0 us —005%9 ’

discret-time reach set external and internal approximatio
The system starts operating imodelwith the set of initial

Classesellipsoid and hyperplane  have overloaded conditions&([170 180 175 170]7,100I) (I is the identity

method plot . Function minksum plots geometric sum matrix) atk = 0, and may switch tanode2upon reaching

of finite number of ellipsoids. Functiominkdiff  plots the guardH ([0 1 0 0]7,200). In both modes, contrat[k] €

geometric difference of two ellipsoids if it is non-empty.  £([180 150 50]7, 251).

Functionplot _ea displays reach set external approxima-

tion, and for internal approximation functigplot _ia is >> % define systems: sysl, sys2

used. >> N = 100;

>> X0 = ellipsoid(100 *eye(4));
All these plotting routines work with objects IR? andR3. >> X0 = X0 + [170 180 175 170];
For ellipsoid andreach objects of larger dimensions >> L = [1 0 0 0];
projection methods are implemented. >> H = hyperplane([0 1 0 0], 200);
>> % define dimension n > 3 Variablessysl andsys2 arelinsys objects correspond-
>> Q = rand(n); % random matrix ing to modeland mode2 N is the number of time steps
>> R = ellipsoid(Q *Q); for which we will compute the reach seX0 is the set of
>> [U, S, V] = svd(Q *=Q); initial states;L contains a single direction for which the
>> BBB = U(:, 1:3); % subspace basis approximation will be computed is the guard.

>> P = projection(R, BBB);
Here R is a random large dimensional ellipsoid, aRdis We start by computing the reach set fondeland finding
its three-dimensional projection onto the basis defineddy iits intersections with the guard.

three main semiaxes. >> RS1 = reach(sysl, X0, L, N);

>> BB = eye(n); >> EA = get ea(RS1); % 101 ellipsoids

>> PRS = projection(RS, BB(;, 1:2)); EA is an array of external ellipsoids whose first ellipsoid
VariablePRScontains the projection of the reach &%onto  corresponds to step = 0, and the last td = 100. Now we
(z1,x2) state subspace. can check which of the ellipsoids IBA intersect the guard.

>> HI = hpintersection(EA, H);
Remark. Functionsrefine  andevolve do not work with >> D = find(Tisempty(HI));
reach objects that result fronprojection operation. Analyzing data inD, we find thatmodelreach set has
non-empty intersection with the guard fe8 < k& < 68.
Figure (a) shows thenodelreach set projection (blue) onto
(z1,z2,23) Subspace ak = 10, before the guard (red)
crossing, figure (b), ak = 50, during the guard crossing,
There is no explicit implementation of the reachability lana and figure (c), ak = 80, after the guard was crossed.
ysis for hybrid systems irET. However, ETs operations
of intersection allow us to work with hybrid systems withEach non-empty ellipsoid irHI represents a new initial
affine continuous dynamics, whose guards are ellipsoidspndition, and its index in the array minus one is the new
hyperplanes or polyhedra. An example of this type of hybricitial time for the reach set computation according to the
system can be found in [23]. Here we indicate how to usmode2dynamics.
ET for the reach set computation for such a system. >> RS2 = [];

V. EXAMPLE
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>> for i = 1l:size(D, 2)
X0 = HI(D());
ko = D() - 1;
rs = reach(sys2, X0, L, [kO N]);
RS2 = [RS2 rg];
end

The union of reach sets in arr®52 forms the reach set for

mode2

systems with disturbance, reachability analysis for state
constrained and obstacle problems; and ellipsoidal msthod
for stochastic control and estimation.
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(1]
(2]
(31
(4]

(5]

(6]

(7]

Figure (d) summarizes what was done. It shows the pro-

jection of the reach set trace onfe;,x2) subspace. The
system starts evolving in time imodelwith some set of
initial conditions atk = 0. The reach set afnodelevolving

from £ = 0 to £ = 100 is shown in blue, and a bound of

the initial set in magenta. Between stdps- 18 andk = 68

(8]

[9]
(20]

modelreach set crosses the guard. The guard is shown in

red. For each of the non-empty intersections of thedel

(11]

reach set and the guarchode2reach set starts evolving in [13]

time until ¥ = 100. All mode2reach sets are shown in green.

VI. SUMMARY AND OUTLOOK

Ellipsoidal Toolboxis the first free MATLAB package that

[14]
[15]

implements the ellipsoidal calculus and uses eIIipsoid%%

methods for reachability analysis of continuous- and @iser

time affine systems, continuous-time linear systems wih di
turbances and switched systems, whose dynamics change at

known times. The reach set computation for hybrid systemsg;
whose guards are hyperplanes or polyhedra is not implgs9]

mented explicitely, buET can be used for such computation.
[20]

More elaborate discussion on computational techniques usi!l

in ET, their accuracy and efficiency in comparison with

other methods mentioned in the introduction, together witfz2]

examples and MATLAB code can be found in [2].

(23]

In future versions of the toolbox we intend to implement24]

additional basic operations with ellipsoids, discretedi
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